Miniaturization of optical spectrometers has a significant practical value as it can enable compact, affordable spectroscopic systems for chemical and biological sensing applications. For many applications, the spectrometer must gather light from sources that span a wide range of emission angles and wavelengths. Here, we report a lens-free spectrometer that is simultaneously compact (<0.6 cm 3 ), of high resolution (<1 nm), and has a clear aperture (of 10 × 10 mm). The wavelength-scale pattern in the dispersive element strongly diffracts the input light to produce non-paraxial mid-field diffraction patterns that are then recorded using an optimally matched image sensor and processed to reconstruct the spectrum. 
Miniaturization of optical spectrometers has a significant practical value as it can enable compact, affordable spectroscopic systems for chemical and biological sensing applications. For many applications, the spectrometer must gather light from sources that span a wide range of emission angles and wavelengths. Here, we report a lens-free spectrometer that is simultaneously compact (<0.6 cm 3 ), of high resolution (<1 nm), and has a clear aperture (of 10 × 10 mm). The wavelength-scale pattern in the dispersive element strongly diffracts the input light to produce non-paraxial mid-field diffraction patterns that are then recorded using an optimally matched image sensor and processed to reconstruct the spectrum. Conventional free-space optical spectrometers rely on the dispersion properties of diffractive elements (such as gratings) to separate optical frequencies in the far field. However, to achieve high spectral resolution, the spectrometer must be either large or have a small input aperture that spatially constricts the input light. Therefore, there is a trade-off between resolution, size, and "light-gathering capability" or étendue, which is proportional to the effective area of the aperture and the square of the numerical aperture. As a result, there has been an effort to develop new spectrometers that avoid these constraints. For example, there have been reports of on-chip spectrometers, which have lateral dimensions on the order of hundreds of microns and are high resolution [1] [2] [3] [4] , but suffer from low étendue due to their small input apertures. A different design uses many filters to spectrally resolve the input signal [4] [5] [6] . One can use narrow-band resonant filters to achieve high resolution [4] , or broadband filters and employ spectral reconstruction techniques to resolve features smaller than the bandwidth of the filters [5, 6] . Another approach that addresses the trade-off between throughput and resolution for conventional diffractive spectrometers is to replace the small input aperture with a so-called "coded aperture," which allows for an increase in throughput, but requires solving an inverse computational problem to construct the spectrum [7] . Computational methods are used to spectrally resolve a collimated light source passing through a broadband, high-transmission diffractive element [8] . Similarly, there are reports of computationally reconstructing spectra from speckle patterns of multimode fiber [9, 10] .
We investigate an alternative spectrometer design that allows us to eliminate the input slit of the dispersive spectrometer and to reduce the spectrometer's size. Fresnel diffraction from a transmission grating results in a periodic pattern of "self-images," which are observable starting immediately behind the grating. Halfway between the self-imaging planes are the phase-inverted imaging planes, in which the light and dark regions are swapped. Therefore, the intensity for a point in x and y will alternate from light to dark as one moves away from the grating in z. This repeating pattern was first observed by Talbot and, subsequently, studied by Lord Rayleigh, who proposed that the periodic pattern arose from the interference of the diffracted beams. For weakly dispersive gratings, which satisfy the paraxial approximation, d ≫ λ, the self-images are spaced by the Talbot distance z T ,
where m is an integer corresponding to the interfering diffraction orders, λ is the operating wavelength, and d is the period of the diffraction grating [11] . The Talbot effect can only be observed up to a distance W ∕ tan ϕ behind the grating, where W is the width of the grating and ϕ is the angle of the diffracted beam. Past this distance is the far-field regime, where the diffracted beams no longer overlap. Since the repeating pattern of "self-images" is (inversely) proportional to the wavelength, the Talbot pattern can be used to perform spectral reconstruction. There have been a few reports of spectrometers of moderate performance that utilize the Talbot effect by measuring the field intensity as a function of distance from the grating [8] [9] [10] [11] [12] . Some take the Fourier transform of the periodic pattern to determine the spectrum of the incident light [12] [13] [14] [15] , while others use the distance from the grating to predict the wavelength [16, 17] . To avoid using moving parts to measure the field, one can use digital holography to construct the Talbot pattern [13] or use a tilted detector that can simultaneously measure the field at various distances [14, 15] . The experimental resolutions of the fixed-part spectrometers were reported to be 20 [13] and 48 nm [14] . The sizes of the spectrometers were not reported. The first is expected to have dimensions on the order of tens of centimeters, due to the many optical elements required to build a holographic system. The second is at least 40 mm in length because they use a lens to magnify the self-images onto a detector.
We expand on the basic design presented in [14] and [15] . A 1-D binary transmission grating with period d is positioned such that its grooves are aligned with the y-axis, and the normally incident light propagates along the z-axis [ Fig. 1(a) ]. The midfield diffraction pattern is periodic in the x-direction with period d , constant in the y-direction, and periodic in the z-direction with period z T . A 2-D imager with pixel pitch p is tilted along the z-axis at an angle θ det from the y-axis [ Fig. 1(b) ], and is used to sample the Talbot diffraction pattern. The spectrometer is shown in Fig. 1(c) . In contrast to the Talbot spectrometers presented previously, we (1) utilize the Talbot effect outside the paraxial limit, (2) remove lenses between the grating and image sensor, and (3) optimize the pixel pitch for the imager to match the grating.
Tilting the imager allows us to sample the diffraction pattern in the z direction, and the spectrum can be obtained by taking the fast Fourier transform (FFT) of the detected Talbot pattern. The length of each pixel in the z direction is z pix p sin θ det , and the total distance in z that the imager spans is z spec N Z z pix , where N Z is the number of pixels in one dimension of the imager. When z pix ≪ z T , the pixels can be modeled as delta functions sampling the Talbot pattern, and the spectrometer's resolution and span are Δk T 2π∕z spec and k T ;max π∕z pix , respectively. There is a trade-off between wavelength span and resolution of the spectrometer. Tilting the imager increases resolution because the number of selfimages sampled is increased, but also lowers the maximum wavelength that can be detected before aliasing occurs.
The previous reports of Talbot spectrometers, including [14] and [15] , only investigated utilizing the Talbot effect under the paraxial limit, where d ≫ λ. The self-images are sharp replications of the grating. However, operation in the paraxial limit constrains the minimum size of the Talbot spectrometer. In the paraxial limit, the Talbot distance can be approximately 100 times larger than the wavelength. Spectral reconstruction using FFT requires that many periods of the Talbot self-images are sampled by the imager for high spectral resolution. To resolve wavelengths δλ apart, the minimum distance that the imager needs to sample is approximately 2d 2 ∕δλ, according to Fourier theory. A spectrometer with a grating period of d 10λ operating at λ 500 nm will need to be at least 5 cm long to have a spectral resolution of 1 nm.
In contrast, we consider a 1-D transmission grating with period d ∼ λ such that there is significant diffracted power in only the 1, 0, and −1 diffraction orders. The self-images are not sharp replicates of the grating pattern but, instead, are smooth sinusoids [ Fig. 1(a) ], and appear periodically in z with period [18] 
and arise from the interference of the −1 and/or 1 diffracted beams with the 0 diffracted beam. In the paraxial limit, this equation simplifies to the Talbot distance in Eq. (1). The wavelength can be calculated from the periodicity of the self-images (z SI ). When operating beyond the paraxial limit, the distance between the self-images is on the order of the wavelength, so a spectrometer of comparable resolution can be 100 times thinner.
To achieve the full potential of the proposed non-paraxial, mid-field spectrometer, an image sensor capable of resolving the self-images without free-space optics is also required. The smallest commercially available imager pixel size is on the order of a micron, larger than the grating period. Therefore, to observe the Talbot effect, the pixel pitch must not be a multiple of the grating period-the imager will be unable to detect a difference in intensity at the self-imaging planes and the phaseinverted self-imaging planes, and the recorded pattern will be constant in z. The Talbot signal will be maximized when the pixel pitch is an odd multiple of half the grating period.
To verify our model, we built and tested spectrometers with two different grating periods and imager pixel pitches, and observed their performance at various tilt angles between the grating and imager. In the first system, we used a transmission phase grating with a grating period of d 1.6077 microns (Ibsen Photonics) and a monochrome CMOS imaging sensor (Aptina MT9P031) with pixel pitch p 2.2 microns, and 2592 × 1944 pixels (active imager size 5.70 H ×4.28 mmV) in size. In the second system (which achieves sub-nanometer resolution), we used a transmission grating with a grating period of d 1.035 microns (Ibsen Photonics) with a monochrome CMOS imaging sensor (Aptina MT9J003) with a pixel pitch p 1.67 microns, and 3872 × 2764 (active imager size 6.440 mm H × 4.616 mm V) pixels in size. As explained in the previous paragraph, the Talbot signal will be greatest for a grating with a period of 1.11 microns, and no Talbot signal will be detected for gratings with a period of 0.835 or 1.67 microns.
Both image sensors incorporate a protective window and microlens array. A commercial readout board (Image Source) is used to capture the sensor data. As no "salt and pepper" pattern is visible in the dark, we suspect that the readout board automatically performs some local averaging to compensate for bad pixels. The readout board is stacked over a miniature USB driver board.
A tunable laser or a fixed wavelength laser is coupled to a single-mode fiber, and the collimated output is passed through a 10 × beam expander (Thorlabs GBE10-B). The final collimated beam is more than 3 cm in diameter, and is normally incident on the grating. To ensure that the imaged area is in the Talbot zone, Letter one edge of the imager is positioned to nearly touch the grating [ Fig. 1(b) ]. The farthest point of the image sensor was determined to be, by visual inspection, less than 6 mm from the top of the grating surface, even under the most extreme tilt tested (36 deg).
Sample images from the higher resolution system (d 1.035 microns, p 1.67 microns) are shown in Fig. 2 (images labeled "Raw"). The periodic pattern of the self-images can be seen in the raw images. After applying a simple bandpass filter to isolate the dominant frequency component in the 2-D Fourier transform of the image, the self-images can be seen clearly (images labeled "Filtered"). The bandpass filter removes the DC background component and spurious peaks that potentially arise from unwanted artifacts in the imager itself. All images shown are a 50 by 50 pixel subsection of the entire image. To obtain the spectrum, we use a 100 column subsection of the full-length image. We noticed that there are slight shifts in the center frequency of the peak for different columns of the imager, which is likely caused by the wavefront aberration of the input or the non-uniform microlens array across the imager for chief-ray angle correction for imaging application. We take the 1-D FFT of the signal, along each detector column in the subsection, and then take the mean of the magnitude of the FFTs to reduce noise (Fig. 2) .
Our experimental results are largely consistent with our theoretical model. However, there are a few issues with the spectra. The first is the presence of two main peaks in the spectra. This can be explained by the rotation of the imaged patterns in the experiments. The diffraction pattern is of the form cosax cosbz. Under the rotation of the imager by a small angle ϕ, the image of the field exhibits two spatial frequencies in the z direction, b1 − ϕ aϕ. Therefore, measuring the signal along the columns of the imager will produce a spectrum with two peaks near the expected wavelength. In our analysis, we use the peak at the shorter wavelength as the main peak because it is closer to the expected wavelength.
Second, the measured wavelength also does not match the operating wavelength of 830.15 nm. This, in part, is due to the rotation of the observed diffraction pattern as discussed above, but also because of the sensitivity of the peak position to the angle of the incidence of the beam. Accurate detection of the wavelength can be achieved by calibrating the spectrometer, since the offset in predicted wavelength is constant (see Fig. 4) .
Lastly, the peaks themselves also exhibit small splitting for low sensor tilt angles. This most likely is because the incident beam is not perfectly normal to the grating. Non-normal incidence in the x-direction would result in slightly different diffraction angles for the 1 and −1 beams, which would result in two slightly different z SI when they interfere with the 0th diffracted beam. The 1 and −1 beams will also interfere with each other, but the periodicity in z will be much larger than z SI , so it can be ignored. The relationship between the degree of peak splitting and the x-component of the wave vector, k x , for small angle of incidence, is approximately
where k g 2π∕d is the grating vector, λ p is the center wavelength, and λ are the wavelengths of the two split peaks. For geometric reasons, θ det affects whether this peak splitting is observed. For small θ det , the imager mostly samples the region where all three diffraction orders (−1, 0, and 1) exist, so two z SI are measured, and peak splitting is observed according to Eq. (3). For large θ det , the imager mostly samples regions where two of the three diffraction orders (1, 0) exist. When using a subsection of the image, we measure one z SI and observe no peak splitting. The small splitting of the peaks limits the resolution that can be obtained [see Figs. 2(a) and 3], and will be difficult to avoid experimentally if both −1 and 1 diffraction orders exist. In Fig. 2(a) , the peaks are split by about 3 nm, which corresponds to an incidence angle of 0.03 deg. However, one could use a modified grating, or operate at a higher incidence angle for which only the 0 and 1 (or −1) diffraction orders exist [Figs. 2(c) and 3].
To further verify our model of the Talbot spectrometer, the peak resolution was measured as a function of θ det . The resolution was determined by finding the full width half-maximum (FWHM) of the peaks. As shown in Fig. 3 , the spectrometer system with the larger grating period shows an experimental resolution close to the theoretical resolution. The spectrometer system with the smaller grating period shows the correct trend, but has a lower resolution than expected at low θ det because of peak splitting.
We were able to simultaneously resolve light from two (mutually incoherent) lasers (inset in Fig. 3 ). We used a fiber coupler to combine light from a fixed wavelength laser operating at 829.95 nm with the tunable laser. The combined light was collimated and passed through the beam expander.
In theory, our spectrometer (d 1.035 microns, p 1.67 microns, θ det 20 deg ) can measure wavelengths from about 520 nm up to 1.03 microns. The lower bound is the wavelength at which the second diffraction order is present, and the upper bound is the wavelength before which aliasing occurs. We experimentally show that it can achieve an operating span of at least 170 nm (limited by the range of the Ti:sapphire laser at shorter wavelengths and the sensitivity of the imager at longer wavelengths) and a resolution of less than 1 nm. The measured spectra as the laser is tuned from 780 to 950 nm are shown in Fig. 2 . Raw image, filtered image (using a simple bandpass filter), simulated image, and corresponding spectrum for a spectrometer (for a 100 column subsection) with θ det of (a) 6, (b) 12, and (b) 21 deg. The operating wavelength was 830.15 nm. The arrows point to the peak that we considered to be the "main" peak. In the images, the x-and z-axes are along the rows and columns, respectively. For the set of data shown, the relationship between the measured wavelength (λ) and laser wavelength (λ 0 ) is λ nm 0.96λ 0 nm 34 nm. The background noise for the 950 nm line is noticeably high because of reduced sensitivity of the imager at longer wavelengths. The background noise for the 820 nm line is high because more signal power is in the spurious peak.
To measure most spectroscopic signals, the Talbot spectrometer needs to have an étendue comparable to that of conventional spectrometers, which are on the order of 10 −4 to 10 −3 mm 2 . We expect our spectrometer to have an étendue of 1.3 × 10 −4 mm 2 . In this estimation, we used the second (high-resolution) spectrometer with a 21 degree tilt angle, and predicted an acceptance angle tolerance of 0.007 deg in the x-direction and 0.5 deg in the y-direction for 1 nm resolution. This was done by calculating the effect of non-normal incidence on z SI . Therefore, we expect that the spectrometer proposed in this Letter can be used for most NIR sensing applications, given that the signal is first collimated. A comparison of various spectrometers is presented in Table 1 .
Our data demonstrates a functional, sub-nanometer resolution spectrometer with a 10 mm × 10 mm × 6 mm footprint, excluding the readout electronics. This is higher in resolution and smaller in size than the previous Talbot spectrometers, and higher resolution than commercially available free-space diffraction spectrometers of a similar size. The data can be easily extracted by using 1D-FFT, and the 2D imager provides a means of reducing noise by averaging the spectra from multiple columns of the imager. Further performance improvements can be realized by removing the protective window and microlens array, ensuring the alignment of the imager with respect to the grating, calibrating the spectrometer to accurately measure the wavelength, designing the spectrometer such that only the 0 and +1 diffraction orders exist, and using computational methods to correct the peak lineshape as necessary. 
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